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A remark about mirror symmetry of elliptic 
curves and generalized complex geometry 

Leonardo Soriani Alves and Lino Grama 


Abstract. In this short note we describe the isomorphism of generalized com¬ 
plex structure between T -dual manifolds introduced by Cavalcanti-Gualtieri, 
in the case of elliptic curves. We also compare this isomorphism with the mir¬ 
ror map for elliptic curves described by Polishchuk and Zaslow. 


1. Introduction 

Mirror symmetry predicts that in the mirror manifolds M and M v , the symplectic 
geometry of M can be related to the complex geometry of M v and vice-versa. 
This correspondence between mirror manifolds has a geometric description by 
Strominger, Yau and Zaslow via T -duality (9) . 

Kontsevich provides another interpretation for mirror symmetry, also known 
as homological mirror symmetry(HMS): two Calabi-Yau manifolds M and M v are 
mirror if the derived category of coherent sheaves on M is equivalent to the de¬ 
rived Fukaya category of M v . 

In the case of elliptic curves, the HMS conjecture was proved by Polishchuk 
and Zaslow El. 

Cavalcanti and Gualtieri in |3] describe how to transport generalized com¬ 
plex structures between L-dual manifolds (in the sense ofBouwknegt, Hannabuss 
and Mathai) using an isomorphism of sections of the vector bundle where are de¬ 
fined the generalized complex structures. 

In this work we explicitly describe the Cavalcanti-Gualtieri isomorphism in 
the case of elliptic curves, and we remark that in the case of trivial B-fields this 
isomorphism coincides with the mirror map described by Polishchuk-Zaslow as 
well SYZ-mirror symmetry. 

In the first three sections we briefly review generalized complex geometry, 
T -duality in the sense of BHM and mirror symmetry for elliptic curves. In the 
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last section we construct the Cavalvanti-Gualtieri map for elliptic curves and we 
compare this with the other versions of mirror symmetry. 


2. Generalized complex geometry 

We will recall the basics of generalized complex geometry. A detailed description 
of this theory can be found in [4]. Let M be an u-dimensional smooth manifold 
and H e O l ( M) a closed 3-form. The sum of the tangent and cotangent bundles 
TM®T*M has a natural symmetric bilinear form of signature [n, n ) defined by 

(X + S,Y + r 1 ) = ^r 1 (X) + Sm) 

and a bracket of sections called the Courant bracket: 

[X + S,Y + t 1 ] h =[X, Y)+££ X Tl-iYd$+ixiYH. 

If B e Q 2 (M), we can see it as a map TM — T* M given by X —> B(X) = i x B. 
Then we define the orthogonal automorphism exp{B ): TM©r*M— TM®T*M 

ex PW-=(l ?)■ 

Definition 2.1. A generalized complex structure on ( M 2n , H) is an orthogonal au¬ 
tomorphism £ : TM®T* M —■ satisfying t / 2 = -1 whose i-eigenbundle 

is involutive under the Courant bracket. 


The remarkable feature of the generalized complex structures is that they 
encompass complex and symplectic structures as special cases. If / and cj are, 
respectively, complex and symplectic structures on M, then 




-/ 0 
0 J* 


and ,/ w := 


0 

CJ 


-cj 

0 


are generalized complex structures on M. 

Given a generalized complex structure ^, we can use a 2-form B e D 2 (M) 
to obtain exp{-B) o o exp{B ), which is again a generalized complex structure 
thanks to the orthogonality of exp(B). 

Definition 2.2. If £ is a generalized complex structure on M and B e Q 2 (M), the 
generalized complex structure exp{-B ) o jY o exp[B ) is called B-field transform 
of £. If J comes from a symplectic (complex) structure, exp(-B) o j? oexp{B) is 
called B- symplectic (/1-complex) structure. 


3. T-duality in the sense of Bouwknegt, Hannabuss and Mathai 

We start with the definition of T-duality for principal torus bundles provided with 
a closed 3-form, following (2) . 
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Definition 3.1. Let M and M be principal '/’^-bundles over the same base B and 
let H e Q. 3 (M), H e fi 3 (M) be invariant closed 3-forms. Let M x B M be the fiber 
product and consider the diagram 


(Mx B M,p*H-p*H) 



We say that ( M,H ) and ( M,H ) are T-dual if p* H - p* H - dF, where F e 
Q 2 (M x B M) is a T 2t -invariant non-degenerate 2-form on the fibers. The product 
M x B M is called the correspondence space. 

Given T-dual spaces M and M, Cavalcanti and Gualtieri (3) constructed an 
isomorphism tp between the spaces of invariant sections of TM®T* M and TM * 
T* M preserving the bilinear form and the twisted Courant bracket. Thus one can 
transport -invariant generalized complex structures between M and M. 

Essentially, <p is the composition of the pull back to the correspondence 
space, B-transform defined by —F on the correspondence space and push-forward 
to M: 


<p(X + t;) = pAX) + p*t;-F(X), (3.1) 

where X is the only lift of X to M x M such that p*£ - F(X) is a basic form. The 
existence and uniqueness of such a lift is guaranteed by the non-degeneracy of 
F. 

Theorem 3.2. The map <p is an isomorphism; that is, for all u,ve{TM®T*M)IT k 

{(p[u),(p{v)) = (u, v) and [(p[u),(p[v)]fj = cp{[u, v]h)- 

Now we use cp to transport invariant generalized complex structures: 

Corollary 3.3. Let (M, //) and (M, H) be T-dual spaces. If jf is a invariant gener¬ 
alized complex structure on M, then 

is an invariant generalized complex structure on M. 


4. Mirror of elliptic curves 

In this section we briefly review the well-known results about mirror symmetry 
for elliptic curves: homological mirror symmetry and T-duality. Classical refer¬ 
ences are m, is and [8]. We start by recalling the complex and symplectic struc¬ 
ture on elliptic curves. 
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4.1. Complex and symplectic structures on elliptic curves 

Definition 4.1. An elliptic curve is a compact Riemann surface of genus one. 

Topologically, every elliptic curve is homeomorphic to a 2-dimensional torus. 

Definition 4.2. Let V be a vector space and A a subgroup of V. We say that A is a 
lattice if it is discrete and the quotient VIA is compact. 

Example 4.3. Let V be a vector space with base {iq,..., v n }. Then A - iqZ ® ... ® 
v n J. is a lattice on V. 

Every elliptic curve can be described by the quotient C/ A where A is a lattice 
on C. Since an elliptic curve is a quotient of C, it inherits a complex structure and 
a group structure. 

Proposition 4.4. Two complex tori (€/Ai) and (C/A 2 ) are isomorphic if, and only 
if, there exist ce C* such that A\ = CA 2 . 

Given a complex number x with imx > 0, we construct the elliptic curve 
E - Cl (Z ® xZ), and the complex structure on E is determined by x. Of course 
different complex numbers give rise to bi-holomorphic elliptic curves. For more 
details about the moduli space of elliptic curves, see for instance (5). 

In the mirror symmetry setting we consider complexified symplectic struc¬ 
tures o)c = B + icj on the elliptic curve E, where to is a symplectic form and H is a 
closed 2-form on E called B-field. As H 2 (E, M) = R a complexified symplectic form 
is again determined by a complex number p - b+ia with a > 0 (since a corre¬ 
sponds to the area of E) where a determines a symplectic struture on E and b 
determines a 2-form. In the language of generalized complex structures it corre¬ 
sponds to a B-symplectic structure (see Definition ^.21 with 



4.2. SYZ mirror symmetry 

Mirror symmetry is a phenomenon predicted by string theory, where questions 
about symplectic geometry of a manifold M can be translated into the complex 
geometry of a manifold M v , and vice-versa. The manifold M v is called the mirror 
of M. 

Strominger-Yau-Zaslow 03 suggest a geometric interpretation to mirror sym¬ 
metry: the SYZ mirror map in the case where there are no singularities is, by def¬ 
inition, T- duality. 

We will briefly review the SYZ-construction. 

Definition 4.5. A Kahler manifold (M,to,j) of complex dimension n is called 
Calabi-Yau if its canonical bundle is holomorphically trivial; that is, there is a 
globally defined holomorphic volume form Q e Q n,0 (M). 

One can write the restriction of D. to a Lagrangian submanifold X c M as 


£2\l= 1 frvolg 


where y/ e C°°(L,C*) and vol g is the volume form induced by the Kahler metric 

g :=«(•,/•). 
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Definition 4.6. Let (M, «,/) be a Kahler manifold with complex dimension n. A 
Lagrangian submanifold XcMis called special Lagrangian if the argument of if/ 
is constant. 

In [9| Strominger-Yau-Zaslow suggest that mirror Calabi-Yau manifolds can 
be fibred over the same base in such way that the fibers are special Lagrangian 
tori. The idea is the following: if M is Calabi-Yau with a special Lagrangian torus 
fibration / : M — B, the mirror M v is the moduli space of pairs (L, V) where L 
is a special Lagrangian torus on M and V is a flat connection on L. Since the 
dual torus can be realized as the moduli space of flat connections (see 0 ) mirror 
manifolds are fibred over the same base B and the fiber over each point is the 
dual torus. 

In the case of elliptic curves, the Lagrangian torus fibration has no singular¬ 
ities and the mirror map can be described as follows: 

Example 4.7. Consider the elliptic curve M = C/ (Z®tZ), where for simplicity we 
assume r = ij with y e H+, holomorphic volume form Q-dz and Kahler form co 
such that 



Note that the complex and symplectic structures on M are determined by y 
e A respectively. The mirror elliptic curve has the complex structure determined 
by A and symplectic structure determined by y; that is, M v = C/(Z ffi i AZ) with 
Kahler form to y such that 



For more details, see for instance 0 . 

4.3. Homological mirror symmetry 

Kontsevich in (6) suggests a new approach to mirror symmetry based on an equiv¬ 
alence of categories. Such categories are built in terms of the complex and sym¬ 
plectic geometry of the Calabi-Yau manifold M and its (Calabi-Yau) mirror M v . 
This version of mirror symmetry is called homological mirror symmetry (HMS). 

Homological mirror symmetry predicts that the derived category of coher¬ 
ent sheaves on the Calabi-Yau manifold M is equivalent to the Fukaya category 
on the mirror Calabi-Yau manifold M v . More precisely: 

Conjecture 4.8 (Kontsevich). If{M,J,w) and (M v ,/ v ,w v ) are mirror manifolds, 
then 


D b Fuk(M,M) = D b Coh{M w ,/ v ) 
D b Coh{M,J ) = D b Fuk(M y ,w v ) 


are equivalences of categories. 

In Coniecture l4.8l Fuk(M, co) is the Fukaya category of (M, t d) whose objects 
are Lagrangian submanifolds of (M,co) equipped with a flat bundle, whose mor- 
phims are given by Lagrangian intersection theory, and whose compositions are 
given by Floer homology. 
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The homological mirror conjecture remains open for an arbitrary Calabi- 
Yau manifold. For elliptic curves it was proved by Polishchuk and Zaslow in 15). 
Denote by E^ the elliptic curve with complex structure given by C/Z ® /yZ and 
symplectic structure given by the 2-form o> such that f E a) = A.. 

Theorem 4.9 (Polishchuk-Zaslow). Homological mirror symmetry holds for el¬ 
liptic curves. The mirror of isE^; that is, 

D b Coh(E r f) = D b Fuk{Ey). 

5. Mirror symmetry via generalized complex geometry 

We start this section with an remark about T -duality of 2-dimensional tori. 

Proposition 5.1. Let M and M be 2-dimensional tori. Then M and M are T-dual 
(in the sense ofBHM) 

Proof. Consider M and M as S 1 -bundles over S 1 . We have Q 3 (AT) = E2 3 (M) = {0}. 
In this case we just take the closed 2-form on M x s i M = T 3 given by F - 9 A 9, 
where 8 and 8 are connection forms on M and M, respectively. □ 

Now we will construct the isomorphism cp explicitly in the case of two T- 
dual 2-tori ( M,H ) and ( M,H ). Denote by dg and dg the duals of the connection 
forms 6 and 6 . As shown in [ 3 ], we can use 8 and 8 to split the spaces of invariant 
sections as 

(TM® T*M)IS 1 = TS l © (dg) ®T*S 1 ® (8) 

(TM® T* M)l S 1 = TS 1 ® (d s ) ® T* S 1 ®(8) 

Therefore, each element of {TM®T*M)lS 1 decomposes into X+adg +£+bd, with 
a,beU. 

Theorem 5.2. With the notation above, the isomorphism <p : ( TM © T* M)l S ] —* 
(TM © T*M)IS l is given by 

<p{X+adg+£ + b8) = X + bdg + l; + ad. (5.1) 

Proof. The pull back of X + adg + £ + b8 is 

X + adg + cdg +£ + bd. 

Applying the 5-transform defined by —F, we have 

X + adg + cdg + £ + b8 + ad - cO = X + adg + cdg + £ + (b - c)8 + ad. 

For Z + (b- c)6 + ad to be the pull-back of a form on M, we need b = c. Finally, we 
have 

q){X+ adg +£ + bd) -X + bdg + ^ + ad. 

□ 

Now we will analyze the behavior of complex and 5-symplectic (complex¬ 
ified symplectic) structures on elliptic curves under the isomorphism q>. Recall 
that both structures are determined by complex numbers with positive imagi¬ 
nary part. 
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Theorem 5.3. The isomorphism </> defined via expression 15. IP send the complex 
structure on M defined byr-b+iatoa B -symplectic structure (completely deter¬ 
mined by t) on the T-dual M. On the other hand, starting with the B -symplectic 
structure on M determined bytoc - b+ ia, (p yields on M a complex structure com¬ 
pletely determined by air. 

Proof. We saw that for T-dual 2-dimensional tori M e M,ip just swaps the tangent 
and cotangent coefficients of the fiber. Considering the decomposition 

[TM ® T*M)!S l = TS 1 ® < d e ) ® T* S 1 ® (0) 


we can write ip as a matrix 


<P- 


( 1 0 0 0 

0 0 0 1 

0 0 10 

. 0 1 0 0 

Given the complex parameter x = b+ ia on M, the correspondent complex 
structure is 

b 
a 


J-- 


a 

-b 


Regarding it as a generalized complex structure we have 


jj= 


-j 

0 


0 

r 


-b 

-a 

0 

0 


1 +b 2 
a 

b 

0 

0 


0 

0 

b 

-i-b 2 


0 

0 

a 

—b 


Now we transfer Jij to M using <[>, as done in Corollarv l3.3l obtaining 


r /j = <P 


1 

0 

0 

0 1 


f -b 

l+b 2 

0 

o 1 


f 1 

0 

0 

0 

0 

0 

0 

1 


-a 

b 

0 

0 


0 

0 

0 

1 

0 

0 

1 

0 


0 

0 

b 

a 


0 

0 

1 

0 

0 

1 

0 

0 J 


l 0 

0 

-l-b 2 

u 


l 0 

1 

0 

0 


a 

u 7 


-b 0 
0 -b 
0 a 
-a 0 


0 

-l-b 2 

a 

b 

0 


l+b 2 \ 
a 

0 
0 
b 


Then Jj = exp{-B ) o o exp{B ) where 


0 

a 

l+b 2 


a 

l+b 2 

0 


and B - 


0 

ba 
l+b 2 


ba \ 
l+b 2 
0 


That is, Jij is the B-symplectic structure correspondent to the complex number 


P = 


ba 
l + b 2 
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Similarly, if we start with complexified symplecitc structure on M deter¬ 
mined by b+ia, which in our setting corresponds to the symplectic structure a> 
and B-field given by 


0 a 
-a 0 


B : 


0 b 
-b 0 


and apply cp to the generalized complex structure exp[-B ) o o exp{B), on the 
dual torus we will obtain the invariant generalized complex structure induced by 
the invariant complex structure 


b 

a 

t 

a+- 


which corresponds to the complex parameter 


' 

, 


T = 


b 

— +1 
a 



□ 


If we assume a trivial 73-field on the complexified symplectic form one can 
recover the mirror map described by Polishchuk and Zaslow (see Chapter 4 of (8) ). 
Let us remember the notation of Theorem l4.9l let t - ip and p-iq be pure imag¬ 
inary numbers with p, q > 0. Then E T p is the elliptic curve with complex structure 
determined by r and symplectic form determined by p. 

Corollary 5.4. Let t and p pure imaginary numbers as above. Then the isomor¬ 
phism ip interchange complex and symplectic structures on the elliptic curve E, 
that is, the map <p sendE p to E%. 

Proof, lust set b = 0 in the proof of Theorem l5.3l □ 
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